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KAKUTANI DICHOTOMY ON FREE STATES 

TAKU MATSUI AND SHIGERU YAMAGAMI* 



Abstract. Two quasi-free states on a CAR or CCR algebra are 
shown to generate quasi-equivalent representations unless they are 
disjoint. 



1. Introduction 



& | Kakutani's celebrated dichotomy theorem on infinite product mea- 

i 1 ' sures opened a way to mathematical analysis in infinite dimensional 

^ phenomena. In classical probability theory, lots of related results have 

been explored since then, whereas in quantum probability, this has 
been mostly done with relations to infinite tensor products of states 
of quantum algebras. Especially quasi-free states of so-called CAR al- 
gebras and CCR algebras were investigated much around 1970's from 
the view point of equivalence of representations and explicit criteria for 
their quaisi-equivalence are obtained in terms of Hilbert-Schmidt class 
operators. 

In this paper, we shall add a complement to this old subject by 
establishing dichotomies on quasi-free states: Given quasi-free states 

CN ' <fi and ip of a CAR or CCR algebra, one of the following alternatives 

occurs. 

(i) if and ip are quasi-equivalent. 
/\ . (ii) cp and ip are disjoint. 

d • In the case of CCR algebras, these alternatives are further related 

with non-vanishing or vanishing of transition probabilities between 
quasi-free states, which therefore inherits the same spirit with the orig- 
inal dichotomy due to S. Kakutani. 

2. Preliminaries 

We shall freely use the standard terminologies in operator algebras 
and the notations introduced in [15] with some of basic ones repeated 
here for the reader's convenience. Given a C*-algebra C, L 2 (C) denotes 
the standard Hilbert space of the enveloping von Neumann algebra C** 
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2 MATSUI AND YAMAGAMI 

with the natural left and right actions of C on L 2 (C). For a state <p 
of C, the realizing vector in the positive cone of L 2 (C) is denoted by 
(p 1 / 2 . The projection to the closed subspace C<p x l 2 C C L 2 (C) is then 
equal to the central support of tp, which is a projection in the center of 
C**. As a consequence, two states <p and ip produce quasi-equivalent 
GNS representations if and only if Ccp^C = Cip l / 2 C , whereas they 
are disjoint if and only if Ctp l / 2 C _L Cip l / 2 C. 

In this framework, we have several possibilities for transition proba- 
bility between states. Most known is the Uhlmann's one, which is the 
square of the so-called fidelity p(<p, ip) between states ip, ip (see p] for 
further information). In our context of non-commutative L p -theory (see 
[5] among several approaches to the subject and also cf. [H]), p(<p,ip) 
is equal to the norm of the positive linear functional \ip x l 2 i\) x l 2 \ = 
\fip l / 2 ipip 1 / 2 in C* (|10j). Another choice is (ip 1 ' 2 ]^ 1 ' 2 ), which is re- 
duced to the ordinary transition probability for vector states on B{%) 
and will play similar roles as Hellinger integrals did in the Kakutani's 
dichotomy theorem ([6j). Thus its vanishing or non- vanishing is our 
main concern here and the fidelity can be equally well used for this 
purpose in view of inequalities (y9 1//2 |?/> 1 / 2 ) 2 < p(ip,ip) 2 < (ip 1 ^ 2 ]^ 1 ^ 2 ). 

For free states of quantum algebras, we know decisive results for 
the criterion of quasi-equivalence and the closed formula of transition 
probability. To explain these, we recall relevant definitions. 

Given a real Hilbert space V with inner product (x,y) (x,y G V), 
the CAR algebra is a unital C*-algebra C(V) linearly generated by 
elements of V with the relations 

x* = x, xy + yx = (x, y)l, x,y &V. 

Likewise, given a real vector space V and an alternating bilinear form 
a on V, the CCR C*-algebra is the C*-algebra C(V, a) generated uni- 
versally by the symbols {e %x } xe y with the relations 

(e ix )* = e~ ix } e ix e iy = e - fa (*.v)/V(*+w) j x , y G V. 

Remark that we allow a to be degenerate, whence our CCR C*-algebras 
may have non-trivial centers. 

Given a state >p of a CAR algebra C(V), the covariance operator S 
on the complexified Hilbert space V is defined by <p(x*y) = (x,Sy), 
which turns out to be positive and satisfies the relation S+S = I, where 
S is the complex conjugate of S and I denotes the identity operator. 
A state is said to be quasi-free and denoted by <ps if it vanishes on the 
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odd part of C(V) and satisfies the recursive relation 

(p(x!X 2 ■ ■ ■ X 2n ) = ip(xiX 2 )ip(x 3 X 4 ■ ■ ■ X 2n ) 

- ip(xiX 3 )ip(x 2 x 4 . . . x 2n ) H h (p{xix 2n )(p{x 2 . . . x 2n ). 

If the recursive compuations are worked out completely, the Wick for- 
mula is obtained: 

<f{xxx 2 . . . x 2n ) = y^ ± n v(x ik x jk ), 

fe=l 

where the summation is taken over all the way of pairings in {1, 2, ... , 2n} 
and ± is chosen according to the signature of the permutation sequence 

l^lj Jli • • • j *n; Jn)- 

In the case of CCR C*-algebra, a state ip is said to be quasi-free and 
denoted by <ps if 

cp(e ix ) = e~ s ^ x)/2 , 
where S is a positive sesqui-linear form on the complexfied vector space 
V and is referred to as the covariance form of ip. We know that a 
positive form S on V is a covariance form if and only if 

S(x,y) - S(x,y) = ia(x,y) 



for x, y G V . Here S(x, y) = S(x,y) and o is sesqui-linearly extended 

to1/ c . 



Given a quas-free state ips, we write L 2 (S) = Ccp s C with C = C(V) 
(CAR case) or C = C(V,a) (CCR case). Notice here that the same 
letter is used to stand for a covariance operator or a covariance form 
according to the case of CAR or CCR. 

For quasi-free states, quasi-equivalence criteria were investigated by 
many researchers but let us just indicate [2], [8], [11], [12] and [13] 
among them. The following form is due to [2] and [3]. 

Theorem 2.1 (Quasi- Equivalence Criteria). 

(i) Let ips and ip? be quasi-free states of a CAR algebra with 
covariance operators S and T. Then (p$ and ipx are quasi- 
equivalent if and only if yS — yT is in the Hilbert-Schmidt 
class, 
(ii) Let ips and <px be quasi-free states of a CCR C*-algebra with 
covariance forms S and T. Then (ps and tpT are quasi-equivalent 

if and only if S + S = T + T as inner products and 



S + S 



T 
-= is in the Hilbert-Schmidt class. 



T + T 
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The following determinant formulas for transition probabilities are 
due to [2] (CAR case) and [16j (CCR case). 

Theorem 2.2 (Transition Probability Formula). 

(i) Let S and T be covariance operators for a CAR algebra. Then 

(<^ 2 |<4 /2 ) 4 = det(MM*), 

where M = S^T 1 / 2 + (/ - Sfl 2 {I - T) 1 / 2 . 
(ii) Let S and T be covariance forms for a CCR C*-algebra. Then 

/ 1/2, 1/2x2 A 4. I 2VAB\ 

(<Ps \<Pt ) = det I jq-g I , 

where positive forms A and -B are defined by 

2v4 = S + 2\/s£+S, 25 = T + 2v / TT+T, 

and their geometric mean y/AB as well as V SS and V TT is 
in the sense of [9]. 

3. CAR Dichotomy 

Let e be the parity automorphism of C(V) and define a bounded 
linear operator 7r(£ © 77) on L 2 {C{V)) by 

tt(£ © r/)^ 1/2 = ^ 1/2 + (V> ° e) V V 
Here £, 77 & V and ^ is a state of C(V). Then 

vr(£ © -tjM^' © //) + 7r(£' © 77')^(e © ~W) = (£10 + (W) 
and 7r is extended to a *-representation of (^(^©zV"), which is referred 
to as the quadrate representation of C(V © iV). Here iV denotes 
the real part of V with respect to the conjugation given by x i-> — x. 
Note that, if ^ is an even state, i.e., ip o e = ■0, 

7r(C(y © *vo)^ 1/2 = c(v)v> 1/2 c(i0- 

In particular, for a quasi-free state y?$ of covariance operator S, n leaves 

the closed central subspace L 2 (S) = C(V)ip s C(V) invariant. Let tt s 
be the associated subrepresentation of C(V © iV). 

We define the quadrature of a state ip of C(V) to be a state $ of 
C(V © iV) given by 

^(x) = {(p 1/2 \ir{x)<p 1/2 ), xeC{V®iV). 
The following is well-known (see [2] for example). 

Lemma 3.1. The following conditions on a covariance operator S are 
equivalent. 
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(i) kerS = {0}. 
(ii) ker(J - S) = {0}. 

(iii) S = (1 + e^) -1 with H a self-adjoint operator on V satisfying 
H = -H. 

A covariance operator S is said to be non-degenerate if it satisfies 
these equivalent conditions. 

Given a covariance operator S on V , its quadrature is defined to 
be the projection 



S y/S(I ~ S) 



y/S(I ~ S) I-S 

on V © V , which is a covariance operator for the real Hilbert space 
V © iV. 

Proposition 3.2. The quadrature of ip$ is equal to the Fock state fp. 
In particular, the representation its is irreducible. 

1/2 

Proof. Recall that the Fock vacuum ipp is characterized by the van- 
ishing property under the left multiplication of the range of P. Since 
the range of P is equal to {y/I — S( © — v^C; C G V C }, it suffices to 
show that 

(v/J^scVf = vSftv^C) fOT C g v c . 

If S is non-degenerate, this follows from the fact that (p$ is a KMS-state 
with repsect to the one-parameter automorphism group induced from 
the Bogoliubov transformations {e ltH } t ^ (see [U Example 5.3.24] for 
example). 

To deal with the degenerate case, let E be the projection to ker S(I— 
S) and write (I — E)V = W with W a closed real subspace of 
V. Let ipw (resp. tp) be the restriction of (p$ to the C*-subalgebra 
C{W) C C(V) (resp. the C*-subalgebra C(W^) C C(V)), which is a 
quasi-free state of the reduced covariance operator S(I — E) (resp. SE). 
Let u be the unitary operator on the Fock space CiW^ip 1 / 2 defined 
by 

u(r]i ■ ■ ■ Vn*p 1/2 ) = (-l) n Vi ■ ■ ■ Vn*p 1/2 for Vi,---,Vn£ W x , 

which implements the parity automorphism of CiW^). 

A representation 9 of C{V) on C(W>{£ 2 © CiW^ip 1 / 2 is then de- 
fined by the correspondance 

£ + r/^£©u+l©?7, £eW, r] eW- 1 
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on generators, where £ and 7] on the right side denote operators by left 
multiplication. From mp 1 / 2 = ip 1 ^ 2 and the Wick formula, we have the 
equality 

(^ 2 ®iP 1/2 \(Zi---U®u m Vl --- Vn )(^ 2 ®^ 2 )) 

which implies that & • • • £ m r?i • • • ??„y?l/ 2 H> 0(6 • • • £ m Vi • • • V^i^w ® 
ip 1 ) gives rise to an isometry U . Since the operator u is approximated 
by elements in CiW^) on C(W- L )ip 1 / 2 thanks to the irreducibility of 
representation, U is in fact surjective and 8 is extended to an isomor- 
phism C(V)" -¥ C[W)" ®B(C{W L )ip l l 2 ) of von Neumann algebras so 
that (fs = {tpw ®ip)0, which in turn induces an isometric isomorphism 



e : c{v)^ 2 c{v) -► c(w)^ 2 c(w) © ciw^^ciw^) 

by the relation 

Q(x^ 2 x') = 9(x)( V % 2 ®ij l/2 )9(x'), x,x' e C(V). 

Now, for t + r] G V C = (I-E)V € + EV £ , in view of ((I - S)^ 1 / 2 = 
= ^^(Srf), we see that 

e(<p¥(VS(Z + 77)) = (y^ 2 © ^ 2 )0(VS^ + 77)) 

= (y^ 2 © ip 1/2 )(>/SZ © u + 1 © v^t?) 

= v# 2 (Vs0 © <A 1/2 = (V7=S0¥# 2 ® ^ V2 

= ^(v / 7^s(£ + 7 / ))(^ 2 ®^ 1 / 2 ) 

= 0(v / 7^S(£ + 77Vf). 

□ 

Theorem 3.3 (Dichotomy). Let S and T be covariance operators for 
a CAR algebra C(V) with P and Q their quadratures. Let L 2 (S) = 

C(V)tpl /2 C(V) and similarly for L 2 (T). Then L 2 (S) JL L 2 (T) unless 
L 2 (S) = L 2 (T). Moreover, we have 

/ 1/2 1 l/2\ / 1/2 | 1/2x2 

Proof. Since 7r is irreducible on both of L 2 (S) and L 2 (T), they are 
either unitarily equivalent or disjoint as representations of C(V © iV). 

Let 25 be the projection to n(C(V © iV))<p s ' = L 2 (S) and similarly 
for Zt- Since 25 is in the commutant of the right representation of 
C(V) on L 2 (S), it is approximated by the left multiplication of C(V), 
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i.e., by elements in ir{C(V®0)). Thus, if a unitary U : L 2 {S) -> L 2 (T) 
intertwines it, then 

U{£) = U{z s i) = z s U{£), £ e L 2 (S) 

shows that zs = zt, i.e., L 2 (S) = L 2 (T). 

Otherwise, by the irreducibility of n(C(V © iV)) on both L 2 (S) and 
L 2 (T), 

ix(C{V © iV))<pg /2 1 n(C(V © iV))(p% 2 , 

1/2 1 /2 

i.e., zs -L zr- Then $ 5 and $ T belong to inequivalent irreducible 
components of a represent at iopn of C(V © iV), whence they are or- 
thogonal. 

In either case, we have 

($f |4 /2 ) = trace(|^ 2 )(^ 2 | |^ /2 )(^ /2 |) = (^ /2 |^ 2 ) 2 . 

D 

Remark 1. For factorial states, this kind of dichotomy is an immediate 
consequence of Schur's lemma. In the case of CAR, non-factorial quasi- 
free states are known to be decomposed into two pure states and we 
can work explicitly with these exceptional cases to get the dichotomy. 

Remark 2. Let Cq(V) be the even part of C(V), which is the fixed 
point subalgebra by the parity automorphism. Let S be a covariance 
operator such that S(I — S) is in the trace class and ker(2S' — I) is 
even- dimensional. Then we can find Fock states ipj (j = 1, 2) of C(V) 
such that (pj is quasi-equivalent to <ps (j = 1,2), the restrictions ipj = 
fj\c (v) are inequivalent pure states of C (V), and fs\c (V) — (^i + 
■^ 2 )/2. Thus fs\c (v) is neither quasi-equivalent nor disjoint to both of 
ipj. See [7] for more information. 

4. CCR Dichotomy 



A state tp of a C*-algebra C is said to be standard if dp 1 / 2 = tp 1 / 2 C. 

Example 4.1. Let tp = tpx © ip 2 be a product state on C = C\ © C% 

with <pi a pure state of C\. Then C\<p>-y C\ = C\<p{ © tp-/ C\ and tp 

is not standard if dimCi^/ = dini(/Y C\ > 2. 
Lemma 4.2. 

(i) Let 5 be the covariance form of a quasi-free state <£> of a CCR 
C*-algebra C(V, cr). Then ip is standard if and only if the kernel 
of the ratio operator -^= on Vg is trivial. Here Vg denotes 

the Hilbert space induced from S + S on V . 
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(ii) Let S be the covariance operator of a quasi-free state ip of a 
CAR algebra C(V). Then p is standard if and only if ker S = 
{0}. 

Proof. Sufficiency: Since p is a KMS-state, this follows from [T5| Lemma 2.3]. 

Necessity: If a covariance form has a non-trivial kernel, the associ- 
ated quasi-free state is factored through a pure state and therefore it 
is not standard in view of Example 14.11 □ 

Corollary 4.3. Let p be the quasi-free state of a covariance form S 
and suppose that the kernel of S/(S + S) (CCR case) or the kernel of S 
(CAR case) is separable. Then we can find a standard quasi-free state 
ip' such that ip and p' are quasi-equivalent. 

Lemma 4.4. For standard states p and ip, (p l l 2 \ip 1 / 2 ) = if and only 

if Cp 1 / 2 C _L Cip x l 2 C , i.e., p and ip are disjoint. 

Proof. This is a consequence of Schwarz inequality and the tracial prop- 
erty of the evaluation map in non-commutative L p -theory: For a,b G C, 

|(a^/ 2 |6V 1/2 )| = K^&W 7 W /4 )l 

< ||^ 1/4 a*6V 1/4 || 2 l|V 1/4 ^ 1/4 )||2 



\p l ^a*bip l/4 \\ 2 ^i/2|^i/2) = o. 



a 



Lemma 4.5. For quasi-free states p and ip, [ip ' \ip ' ) > implies 
their quasi-equivalence, i.e., Cp l ' 2 C = Cip^C (C = C(V) or C(V, a)). 

Proof. We shall deal only with the case of CCR and the easier CAR 
case is omitted. In view of the determinant formula (Theorem |2.2|) . we 
first rewrite the condition that (p s \pj, ) > 0. The equivalence (i.e., 
mutual dominations) of S+S and T + T is necessary, which is assumed 
in the following. Because of 

S + S < 2A< 2(S + S), T + T<2B <2(T + T), 

these as well as A + B are equivalent. In particular, the ratio operator 



VAB 

A + B 
is invertible and the transition probability does not vanish if and only 
if 

Vab 
1-^ — = 

A + B 
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is in the trace-class. In view of 



2 

A B 




A + B A+B 

and the invertibility of -A-^ and ^rg, the condition is equivalent to 
requiring that 

1A IB S + S + 2\ r SS T + T + 2VTT 



A+B A+B A+B A+B 

is in the Hilbert-Schmidt class. The last condition is equivalent to 
the quasi-equivalence of ip$ and (px by [31 Theorem, Proposition 6.6, 
Proposition 9.1]. 

In this way, we have proved that ifs and (px are quasi-equivalent if 

(ri /2 iv4/ 2 ) > 0. ' ' " □ 

In the case of CAR algebras, the converse of Lemma 3.7 is false. 

Proposition 4.6. Let S and T be covariance operators on V with 
P and Q their quadratures on (V © iV) c = V c © V c . Assume that 
(fs and <pt are quasi-equivalent. Then (ipg |y9 T ) = if and only if 
PA(I-Q)^0. 

In the case of CCR C*-algebras, however, the transition probability 
is already sensetive to the dichotomy: 

Theorem 4.7 (Dichotomy). Let (V, a) be a presymplectic vector space 
(a being an alternating bilinear form on V) and S, T be covariance 
forms with the associated quasi-free states (ps, y?r- Then the following 
conditions are equivalent. 

(i) Two states <ps and ^>t are quasi-equivalent, 
(ii) The transition probability (cp s \(pj, ) is strictly positive, 
(iii) Positive forms (v^+v 7 !) 2 and (VT+Vt) 2 on V c are Hilbert- 
Schmidt equivalent. 

Otherwise, ips and tpx are disjoint. 

Proof. In view of Lemma I4.5[ it suffices to show that the condition 
(ip s ' |v? T ) = implies the disjointness of <ps and <pr- 

By replacing V with V^ +B , we may assume that A + B is non- 
degenerate and complete on V . If 



ker 



A+B V A+B 
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is not trivial, we can find ^ h G V c such that (A /(A + B))h = 
or (B/(A + B))h = 0. We may assume that the former is the case. 
Since the operator A/ (A + B) is self-conjugate, we can further assume 
that h = h, i.e., h E V. Now the condition A(h,h) = implies 
S(h,h) = = S(h,h), whence S(h,v) = = S(h,v) and a(h,v) = 
for any v E V. Thus {e lth } te ^_ is in the center of C*(V, a). Since 
h 7^ with respect to the inner product A + B, we see B(h, h) 7^ and 
therefore T(/i, /i) 7^ 0. 

We now compare the spectral decomposition of {e tth } when repre- 
sented by left multiplication: On the subspace C*(V,a)(p s C*(V, a), 
it is represented by the identity operator, whereas on the subspace 

1 Jo 

% = C*(V, cr)<frp C*{V, a) it is isomorphic to a direct sum of the mul- 
tiplication operator {e ltx } on L 2 (R, 7) (7 being a Gaussian measure); 

(e Ux 0(r) = e UT ar) with £eL 2 (K, 7 ). 

Thus (ps and tpx are disjoint. 

We now assume that the kernel of V AB / \A + B) is trivial. Then, by 

-| /o -| /o 

the determinant formula for the transition probability, [ipg \ipj, ) = 
implies that the bounded operator 

2 




is not in the trace class. In particular, we can find a sequence {hj}j>i 
of (A + 5)-orthonormal vectors in V such that 

B^^,(^-^)m = +oo. 

Let M be the set of monomials of S/(A + B),T/(A + B), ~S/{A + 
B) and T/(A + B). Let W be the closed subspace spanned by 
{Mhj, Mhj}j>i. Since M is countable, W is seperable as a hilbertian 
vector space. Clearly W is invariant under four generators of M. In 
view of ia — S — S, W is also invariant under a /{A + B). Since M 
is closed under taking conjugate, so is W , which justifies the nota- 
tion, i.e., W denotes the real part of W . Let W 1 - be the orthogonal 
complement of W relative to A + B so that (V, a) = (W, a) © {W L , a) 
with S and T diagonally decomposed. Let SV an d T w be the reduced 
covariance forms. Then 

y/A W B W 
A\y + B\y 
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is the restriction of yAB /{A + B) to the subspace W and 



trace 



A w / B w 



Aw + Bw V A\y + B 



trace. 



A / B 



w ^ \V A + B V A + B 



>^2{A + B){h j} ( 



A 



A + B V A + B 




which means that <ps w and <pt w are not quasi-equivalent by Theo- 
rem EHJ 

Now the obvious identification 



1/2, 



C*(V,<r)<py'C*(y,<T 



C*(W, a)^C*(V, a) ® C*(W^, <r)^ /2 ± C*(W^, a) 

reveals that the disjointness of (ps and (y9r follows from that of tps w 
and <Pt w - Thus the problem is reduced to the case W = V so that V 
is separable relative to the inner product A + B (so we omit the suffix 
W) and that <ps an d v^r are not quasi-equivalent. We can then find 
standard covariance forms S' and T' such that (ps and <ps' (resp. v?t 
and tfT') are quasi-equivalent by Corollary 14.31 

Since (p$ and v?t are not quasi-equivalent, the same holds for (pgi 
and <pt>, which implies the disjointness of <ps> and (px 1 by Lemma [4.41 
Thus L 2 (S) = L 2 {S') is orthogonal to L 2 (T) = L 2 (V), proving the 
disjointness of tps and <pr- □ 
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